INTRODUCTION
THE PRIl\1:ARY synthesis of dry matter in all ecosystems is accomplished through the photosynthetic activities of green plants. While a great deal has been learned about the capabilities of individual leaves to assimilate carbon under controlled conditions, much less is known about the rate and efficiency of this process as it applies to plant communities.
Even in the carefully managed communities characteristic of intensive agriculture, the complexity of the interrelated variables-leaf and sun angles, spectral characteristics of direct and diffuse skylight, distribution of leaf area in space and time, photosynthetic functions of leaves, carbon dioxide gradients, and the like-has thwarted attempts at analysis. Some progress has been made in following the overall carbon dioxide exchange of sample communities in field chambers (Thomas and Hill, 1949; Moss, Musgrave and Lemon, 1961) 2 and by aerodynamic analysis with transfer equations (Monteith, 1962; Lemon, 1960) . Each of these approaches has its own limitations, however, and like the more classical technique of periodic sampling for dry matter production (Watson, 1958) , fails to provide information on the contributions of individual leaves to performance of the whole community.
Experiments with whole communities which have utilized Watson's (1958) concept of leaf area index have underlined the importance of foliage configuration as a major determinant of net productivity (see the discussion by Loomis and Williams, 1963) . For example, Watson and Witts (1959) compared the domesticated sugar beet with a wild type, the sea beet. The greater efficiency of the cultivated sugar beet in dense stands seemed to be associated with a more upright leaf habit, whereas extensive mutual shading seemed to be the key to the poor performance of the prostrate, rosette-leaved sea beet strains. Thus far, however, it has not been possible, despite some admirable attempts (Watson and Witts, 1959; Nichiporovich, 1961) , to state confidently what morphological forms of plants and what architecture of the foliage canopy might be most efficient in intercepting and util izing solar radiation.
Like Wit (1965) and Monteith (1965) , we viewed the problem in two of its simpler aspects-one dealing with the geometry of leaf display and light re-1 Submitted February 7,1966 . This research was completed during the 1964-1965 academic year while the senior author was on leave from the University of Kentucky. It was supported in part by grants from the National Science Foundation to K. E. F. Watt, University of California, Davis (GE 8135) and to W. A. Williams and R. S. Loomis (GB 4192) .
2 See "Literature Cited" for citations referred to in the text by author and date.
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ception, and the other with the physiological attributes of the leaves in different portions of the foliage. Wit and Monteith took empirical laws established from measurements made of individual plants and of natural plant communities and environments as their starting point, and generalized these into mathematical forms for a wide range of problems.
Our approach was to construct a model whose variables (in purely physicalor mathematical terms) could be given any values. The model-thus quite flexible in its application-was designed for a computer of IBM class 7044, or its equivalent, and can be solved readily and rapidly to yield information about almost any community and environment it simulates.
The principal physiological information needed for any approach is the characteristic photosynthetic light-response curve of leaves adapted to each layer of the foliage canopy. Light-response curves (photosynthetic rate of individual leaves as a function of light intensity) may be fitted rather closely by several functions, including that of a rectangular hyperbola:
where P max is the asymptotic rate of photosynthesis; I is the light intensity; R is the dark respiration, and k is a constant equal to I at P;'8X · Wit (1965) assumed that Pmax and k decline linearly with depth in the canopy; but other authors have ignored the problem (Davidson and Philip, 1958) , or have assumed that a single generalized curve will suffice to represent all leaves of a canopy at a given time. Work by Ludwig, Saeki and Evans (1965) has shown that the light response of lower, shaded leaves of cotton may be significantly different than that of the upper, well illuminated leaves. Such differences suggest the need for incorporating enough flexibility in any model to allow for variation in the light-response curve used from layer to layer in the foliage.
One then needs to know the amount of light received by each leaf in the canopy. Monsi and Saeki (1953) and Kasanga and Monsi (1954) were among the first to point out that sunlight is diminished as it proceeds into a dense foliage canopy. They showed that the attenuation is approximately exponential and thus analogous to BouguerLambert's law for light absorption in homogenous media. This same function is also obtained theoretically in Appendix B of this paper. Bouguer-Lambert's law was usefully Employed also by Monsi and Saeki (1953) and Davidson and Philip (1958) in their models of photosynthesis in plant communities, which predicted that for a given light condition, there is an optimum leaf area for community photosynthesis. Increasing leaf area up to the optimum leaf area index increases the rate of production of organic matter, but increasing leaf area beyond the optimum causes a decline, presumably the result of the mutual shading of leaves and the increased respiratory burden. Data from experiments with kale (Watson, 1959) , subterranean clover (Davidson and Donald, 1958; Black, 1963) , and rice (Takeda, 1961) have been corroborative. But experiments with mixed pasture (Brougham, 1956) , sugar beet (Watson, 1958) , and corn (Williams, Loomis and Lepley, 1965b) have not displayed an optimum leaf area index. Monsi and Saeki (1953) , Monsi (1960) , and Verhagen, Wilson, and Britten (1963) have applied several other light extinction functions to characterize the light environment within various types of foliage. Verhagen et ale (1963) defined an "ideal" foliage canopy as one in which the extinction coefficient changes with depth in such a manner that average intensity of light is the same for every leaf, regardless of its depth in the canopy. This, of course, is not attained in nature, but their analysis does point to the possibility of manipulating the architecture of foliage to favor a more efficient light absorption pattern.
Monteith (1965) used a binomial expansion to express light attenuation with depth. For the nth leaf strata:
Where s is the fraction of total incident radiation which is not intercepted by leaf, and T is the mean transmission coefficient of leaves.
With appropriate estimates of s, T, and for the constants of the lightresponse curves, he was able to calculate dry matter production-leaf area curves similar to the optimum or plateau-type curves obtained in field experiments.
183 Wit (1959) was the first to use a model in which the absorption of diffuse skylight was treated separately from direct radiation. In his model the foliage was treated as randomly oriented leaves in a single layer sufficiently thick to intercept all the light. Given the solar elevation, totals of direct and diffuse radiation, and a Blackman-style lightresponse curve approximating the behavior of many crop species, tables of potential productivity for various latitudes and times of the year were computed. A satisfactory fit to experimental data was obtained with this model by Stanhill (1962) with alfalfa and by Alberda and Sibma (1962) with pasture grass; while Williams, Loomis and Lepley (1965a) observed that the model substantially underestimated their experimental values for photosynthesis in corn under high intensity radiation (736 calyem-day).
DEVELOPMENT OF A MODEL FOR SIMULATING PHOTOSYNTHESIS IN PLANT COMMUNITIES
Many compromises and modifications must be accepted in order to make a model simple enough to be solved with the available mathematical tools in a reasonable time-but it should not be so simple that biases or misleading relationships would occur. Our main objective was to develop a model to show qualitatively the effects of changes in any of the variables. Quantitative simulation of a real plant community was a desirable hut secondary objective.
Components of the plant community
One part of the model consists of the plant community description, This may be visualized as many small, flat leaves dispersed in space and unsupported by stems. These leaves are divided by horizontal planes into layers, so that the vertical distance of any leaf above the surface of the soil can be described.
The following properties of plant leaves are used in the model as controlled variables:
1. Leaf area 2. Leaf angle 3. Vertical position 4. Light reflected from leaves 5. Light transmitted through leaves 6. The physiological relationship between illumination and photosynthesis (light-response curve)
The physical properties of the leaves, The use of small flat leaves in the model is justified by the assumption that leaves of any shape or size can be approximated by dividing them into a large number of small flat segments. The size of each segment is not specified, except that they are small enough to be randomly distributed, regardless of how small the total leaf area might be within a layer.
Leaf angles vary within layers of most plant communities. Where leaves are curved, the range might cover a full 90 0 from vertical to horizontal in a single layer. However, since the number of layers that may be used is unlimited, a single layer in a real plant community may be approximated in the model by using several layers, each containing the area of all leaves within some range of angles. For example, the real leaves may be measured and divided into classes with the leaf areas within each 15°_ angle class being grouped together. Each angle class then could be used to make up a sublayer of the model, so that six layers of the model could represent one layer of the real plant community. The order of the sublayers, whether the more nearly horizontal leaves were on the top or bottom sublayer would make some difference, but it would be small except, perhaps, with large areas of leaf per layer. Those situations could be evaluated empirically from hypothetical data with the simulation program to learn whether corrective measures should be introduced.
Leaves may be randomly arranged within layers of some species or with some cropping practices, but not in others. The model is simpler if randomness is assumed, although other assumptions might be quite possible if the type and degree of leaf organization to be simulated were known. The same is true of directional orientation. We have assumed that leaves grow equally in all directions around the individual stems, as might be the case with tobacco or with plants with 180 0 phyllotaxis, such as corn, which usually have no favored directional orientation. The applicability of the model is limited to plant communities whose leaves have no tropic movements to significantly disturb random orientation, such as the sun-facing of many of the clovers.
The leaf area and position are described as leaf area index (LAI) within each layer. LAI is defined as the area of leaves (one surface) divided by the area of land over which the leaf areas are measured. However, some leaves are rugose or very rough. How should they be measured; how should other green and presumably photosynthetic surfaces, such as leaf sheaths and stems, be considered~What allowance can be made for the heads of small grains!
The small flat leaves of the model in this study can simulate any of these surfaces, if their 'areas and angles can be described. As arbitrary guidelines we suggest that reasonable allowance be made for marked rugosity or rippling, but not for ordinary surface roughness. For sheaths, stems, grain heads, and other structures that are green, the whole area exposed to light might be used, if it is between 60°and 90 0 (vertical) ; but only half of the LAI should be used if the area is between 60°and the 0°(horizontal). Fortunately, the area of green surfaces other than leaves is relatively small, in most cases, so that the error introduced by such approximations is likely to be insignificant.
Leaves are assumed to be vertically separated enough in relation to their width to permit uniform penetration of skylight. This, together with the definition of sunlight as coming from a point source, permits the actual height of the plant community to be disregarded. This will be discussed in more detail later. If the leaves of plants to be simulated are closely overlapping, so that some of their surfaces are permanently shaded from both sunlight and skylight, the measured leaf area should be appropriately reduced.
Leaves vary widely in their light-reflecting properties, but the actual light flux reflected is usually small in relation to the total incident light. Its significance in the photosynthesis of the plant community is that some light is lost back towards the sky in the crop albedo and that some is transferred by reflec-tion from leaves at the top, which may be near light saturation, to the lower, more shaded leaves, where it may be used more efficiently. In the model, as is approximately true for many real plants, leaves are assumed to act as lambertian surfaces, reflecting light nondirectionally. The model is less accurate for very glossy, smooth leaves which reflect light in a highly directional manner. Transmitted light is assumed to penetrate further into the community as completely diffuse light.
The light-response curve for single leaves. The effect of illumination in terms of photosynthesis depends on the light-response curve of single leaves. This may vary among leaves of the same plant with age or position in the canopy or with carbon dioxide or moisture status. It varies widely among species in maximum rates attainable. While many data are well fitted by rectangular hyperbolae, other curves may also be possible (Rabinowitch, 1951) . Computation of the model requires that some light-response curve or curves be specified as well as the criteria for choosing among the curves for each layer.
An important aspect of the relationship between illumination and photosynthesis is the dark respiration. Unpublished work by the senior author supported by other evidence (Rabinowitch, 1945; and Ludwig et al., 1965) indicates that values for dark respiration found in the literature cannot be applied to real plant situations without some qualifications, since the rate of respiration in the dark may vary for the same leaf by a factor of two depending on its previous illumination history. Shaded leaves, and presumably the lower leaves in dense stands, have lower rates of respiration than recently illuminated leaves. This means that light curves may differ for upper and lower leaves.
In the present work, provision was made for two curves with the choice between them dependent on the level of 185 diffuse light computed for the particular layer. At high levels of diffuse light, a curve obtained experimentally at 300 ppm carbon dioxide concentration with leaves adapted to high light intensities is used (Hesketh, 1963) . At low levels, usually below 3 per cent of full sun, the same curve is used, but it is transposed vertically by a small amount to compensate for the low respiration rates and low light compensation values observed experimentally for shaded leaves. Ideally, light-response curves for such studies should be determined from several leaves, each adapted to the light intensity at which its rate is to be measured. However, such data are not available in the literature. In the program, a separate light-response curve could be specified for each layer of leaves if desired.
Photosynthetic rates vary also in response to other environmental factors such as temperature, humidity and carbon dioxide concentration. These are not considered in the present model because not enough is known about how they vary within plant communities. However, in an ideal model, the concentration of carbon dioxide, for example, calculated in some manner for each layer, would be used as a basis for varying the light-response curve.
Components of the plant environment
Environment for the model consists of a point source of light simulating the sun, which may be at any elevation above the horizon, and a hemispherical sky, The variables of the environment are:
1. Elevation of the sun above the horizon 2. Solar intensity 3. Skylight brightness The incident solar radiation. The azimuth angle of the sun is not necessary, since the leaves are randomly dispersed and are given uniform direc-tional orientation. While the description of the sun as a point source greatly simplifies the computations, it also limits the ecological situations which can be simulated. If the sun were a point source of light, all shadows would be sharp, and all leaf area would be either in full sunlight or illuminated only by skylight and by light reflected by or transmitted through leaves. This assumption avoids the need to consider size or shape of leaves or their vertical separation. This, in turn, permits the use of small flat leaves to simulate all the different shapes and sizes of leaves actually found.
These assumptions mean that the model cannot accurately describe tall plants with great separation between leaves, or pine trees, or plants such as asparagus with needle-like leaves, where shadows are not sharp. For most grasses, shrubs and agricultural crops, however, leaf separation in relation to leaf size is probably great enough to avoid serious errors. This is more likely to be true, since such errors tend to be self-compensating. Penumbral effects would increase the area of sunflecks, but at the same time, illumination of the lighted area would be decreased as relative to calculations based on a point source.
Skylight is assumed to come from a hemisphere of uniform brightness. Actually, the sky is more luminous nearer the sun than away from it. Also, the sky is often dotted with white clouds, each of which may act as a strong light source. The haze band close to the horizon and other irregularities also reduce uniformity of illumination. This does not introduce as much error as might be thought, however, because the model assumes uniform orientation and random distribution of leaves. In effect, this averages light from all compass directions, so the brighter southern sky in the Northern Hemisphere is averaged in with the northern sky. Brightness for different elevations above the horizon, however, is not averaged. The sky is assumed to be divided into zones of equal area by horizontal planes. Each zone is calculated independently, so that if information about sky brightness in any particular problem were available, the program could be modified by changing the number of zones and their relative brightness. For most cases, we would agree with Wit (1965) that, at present, the only reasonable assumption is that the sky is uniform in brightness.
Reflected and transmitted' light.
Plant leaves differ widely in the proportion of light which they reflect and transmit. Some plants have leaves that differ in both texture and color on the two sides. Some are completely opaque: others transmit a significant amount of light. Some leaves shine almost as if they were polished, while others look more like velvet. Many plants have leaves with their lower surfaces lighter in color or less reflective than the upper surfaces. These variations must have ecological significance which could be easily studied by this model with minor modification. These factors, according to Wit (1965) , can be ignored, but we believe that the distinctions between reflected and transmitted light should be approximated as closely as possible.
In the model, all leaves are assumed to reflect light as a lambertian surface with light flux being proportional to the cosine of the angle of incidence. Similarly, transmitted light is assumed to be completely diffuse. With these assumptions, leaves radiate diffuse light in all directions, but not equally, since the greatest flux is normal to the leaves. Thus, the leaf angle would affect the flux and direction of both reflected and transmitted light.
For computation, the light reflected from leaves within any layer must be divided into three parts, the light reflected upward, the light reflected downward, and the light added to the effective illumination within the layer itself. Probably only a small bias is introduced if the reflected light is merely added to the skylight illumination within the layer-although light moving downward to darker layers is used more efficiently than light moving upward, which is absorbed by more highly illuminated leaves or escapes from the canopy entirely.
Reflected or transmitted light is considered as a hemisphere around each point on a leaf surface. The light transmitted upward or downward is that contained within a circular cone inside the hemisphere of some arbitrary halfangle, whose axis is vertical and passes through the point of the leaf surface. The most appropriate angle choice for the half-angle of the cone would be the one calculated for best agreement with the albedos of crop surfaces whose leaf areas, angles, and reflective properties were precisely known. In the almost total absence of such experimental data, it was found that a value of 35°f or the half-angle gave best agreement with accepted measurements of albedo and estimated leaf properties. This value has been used, therefore, in the absence of a better one.
The problem of calculating the part of the reflected or transmitted light to be found within such a cone is relatively simple for leaf angles of less than 55°i n the case of cones with 35°half-angles. The mathematical equation developed by Hanau in Appendix B is:
where B is the brightness of the surface; A, the area; a, the leaf angle; {3, the half-angle of the cone as measured between the axis and an element of the side; and F, the part of the light flux contained within the cone.
Once the flux of light moving up or down through the foliage has been estimated, the next step is to compute what 187 part will pass through the layers above and below, and what part will be intercepted. This involved some simplifying assumptions that were justified by the comparatively minor importance of this light flux in relation to the whole. Light within such a 35°half-angle cone, although actually moving at angles of up to 35°from the vertical, is considered to be moving in a vertical direction, up or down. As such, the intercepting leaf area within each layer is found by multiplying the LAI by the cosine of the leaf angle. This area is taken as the part of the whole area that obstructs passage of the light. While this procedure overestimates the leaf area by ignoring self shading, it underestimates the length of the light path by assuming vertical movement.
Light moving down, from one layer to another, is reduced by the amount absorbed in passing through the next lower layer. This reduced light is added to the light originating in the lower layer from reflections and transmitted light, which move in the same direction. Light absorbed within each layer is added to the skylight that reaches the lower layer, plus its reflected light which is not included with the two 35°c ones. These computations result in increasing the diffuse illumination of leaves.
Computations of total illumination for each leaf layer. The leaves of the model are assumed to be illuminated by four distinct light sources: direct sunlight, skylight, reflection from other leaves, and transmission through them. Direct sunlight and skylight require two different mathematical treatments and theories. Reflected and transmitted light are treated as diffuse light, like skylight. Computation for these are described in the previous section. In the following discussion, the basis for treating direct and diffuse light will be followed by a description of how the methods are applied in actual computation of the model.
where a is the area of the leaf; A, the area of land over which the leaf is measured; (F'IF)jk, the Wilson-R·eeve F'IF 1) Direct sunlight. Light f'rom a point source at infinite distance is considered to be made up of parallel rays, and the proportion of such rays able to penetrate each foliage layer without being intercepted must be computed. The penetration of the light rays is a function of the area of leaves, their angle, and of the elevation of the sun above the horizon. The mathematical theory for the passage of inclined needles through foliage was developed by Reeve (1960) , as the theory of inclined point quadrats. This work forms the basis for this part of the theory as outlined in Appendix A.
The F'I F ratio developed by Wilson (1960) and Reeve to express the probability of contact by an inclined needle is also the ratio between the actual area of a leaf and the shadow it would cast in the context of light rays. Clearly, the part of the light from a point source penetrating a layer of leaves would be a function of the area of shadow each leaf could cast.
The area of light passing through a layer of leaves cannot be reduced simply by the total shadow area of the leaves, because the shadows cast by some leaves will fallon other leaves within the same layer. More light will always pass through a layer than if the leaves were arranged in a mosaic. The assumption of random distribution of leaves ,vithin a layer permits use of the Poisson distribution equation to estimate the probability of penetration by rays of light. In this case, the mean probability of a rigid needle touching a single leaf is given by the following equation:
ratio for leaf angle j and sun angle k; and sin k, the sine of the angle of elevation of the sun. Division by the sine of the solar elevation angle corrects for the length of the light path through the foliage layer. The ratio, alA, is the LA1.
The fraction of light passing through a foliage layer is:
The first term in the parentheses gives the chance of a needle striking one leaf, the second of striking two leaves, and so on. We are interested in the chance of not striking any leaves, hence all other possibilities are subtracted from one. The algebraic sum of this series is:
The area of light I passing through such a foliage layer, where the area of light entering from above is 1 0 is:
This is the form of the equation for the Bouguer-Lambert's law, with constants expressed in terms of the variables of the problem. It is interesting that this simple derivation agrees with the experimental observations referred to in the literature review.
Note that when used for light from a point source, this equation gives the area of light penetrating each foliage layer. However, the effect is the same as if it computed flux penetrating, since the flux per unit area of light from a point source remains constant at all layers. The same equation is used to compute the penetration of diffuse skylight, but in that case, total flux rather than the area is computed.
(4) HILGARDIA • Vol. 38, No.4· March, 1967 2) Skylight. The computation of light from skylight is based on Hanau's derivation (see Appendix B). With this method, the illumination of either or both surfaces of a leaf of any angle from any zone of the hemispherical sky can be calculated. The total skylight illumination of an unshaded leaf can then be expressed as the sum of the skylight from all sky zones.
All the light in a sky zone is assumed to come from its midpoint circle. Like the elevation of the sun, the relation of a zone's angle of elevation to the angle of leaves within a foliage layer is a basic factor in measuring the amount of light that penetrates the leaf layer. With some changes in meanings, the actual light flux penetrating from each zone is given by the same equation as for sunlight:
where k is the elevation of any zone, and I and 1 0 is the light from that zone below and above the foliage layer.
This equation is solved for each zone, and the total value of skylight in the middle of each foliage layer is computed as the sum of the values of I calculated for light from each sky zone.
The calculated illumination due to skylight is taken to be the sum of skylight on upper and lower leaf surfaces. Moss (1964) showed that this assumption would introduce little error in most cases. All leaves are assumed to be illuminated by skylight, and areas of leaves in direct sunlight are assumed to be illuminated by sunlight plus skylight.
Computations for photosynthesis
To actually compute photosynthesis, both the leaf area illuminated by sunlight plus diffuse light, and that area illuminated only by diffuse light within each layer, must be estimated. These factors are then given values in an equation expressing the relationship between illumination and photosynthesis. 189 To convert area of sunlight at a given brightness above and below a layer to estimated photosynthesis per unit of leaf area within the layer, it is necessary to consider the angular relationship between sun and leaf surface. This is done by successively rotating the leaf to six compass positions between 0°and 180°from the solar azimuth. At each position the illumination of the leaf surface is computed by multiplying the sun brightness, measured normally, by the cosine of the angle of incidence. The result is then added to the diffuse light illumination as computed for the midpoint of the layer. The resulting illumination, whether or not the front or back of the leaf is illuminated, is then computed in terms of milligrams of CO2 per square decimeter of leaf area per hour based on the light curve selected. The computations of the six positions are added and divided by six to give the average rate of photosynthesis for a unit of leaf area illuminated by sunlight plus diffuse light for the layer. Since symmetry is assumed, this average is the same as for the 12 positions from 0 to 360°.
To compute the area of sunlit leaves within each layer, the area of sunlight emerging from each layer is subtracted from the area entering. 'I'his must be corrected for the length of the light path to give the area in horizontal units, and then divided by the Wilson-Reeve P'/F factor. The equation for this is:
where A o is the area of light at the top of the layer; A1 is the area at the bottom of the layer; k is the elevation of the sun; j is the leaf angle; and A is the area of leaves within a layer illuminated by the direct light of the sun. This value, multiplied by the average photosynthesis per unit area of sunlit leaves, gives the photosynthesis within the layer, of leaves in direct sunlight.
The difference between the total LAI per layer and the area in direct sunlight, A, gives the area of leaves illuminated only by diffuse light. This area is then multiplied by the unit rate of photosynthesis computed for leaves in diffuse light in that layer to give the total photosynthesis for the leaves in the layer that are not in direct sunlight. The sum of photosynthesis computed for sunlit and shaded leaf area gives the rate of photosynthesis for the whole layer in units of mg CO 2 drrr? hr 1 • This is converted to gm CO 2 rrr" hr-1 by use of a suitable factor. The sum of such values for all layers gives the estimated photosynthesis for the community.
The particular program used is arranged to select the light-response curve for a particular layer of leaves on the basis of the foot-candles of diffuse light calculated for that layer. The computer uses one light-response curve above the transition light level, another below it. The transition level is given as part of the input data.
CALCULATION PROCEDURES
A typical problem for which the model may be used is the estimation of photosynthesis for each hour of the day with different values for one or more variables of the plant community or of the environment. For this, two sets of data cards are prepared, one set describing the environment and the other set describing the plant community. Typically, the environmental descriptions might consist of the sun elevations for each hour from dawn until solar noon for some latitude and date. Corresponding to each hour would be appropriate data for sunlight brightness as measured normally and of the illumination of a horizontal surface by skylight. In the absence of actual hourly observations, the afternoon might be assumed to be a replication of the period before solar noon; the results for the morning are simply multiplied by two.
The description of the plant community would consist of the number of layers chosen, the leaf angle and area within each layer, and information abou t eharacteristies of the leaves. In such a program, the computer would calculate the photosynthesis for each layer starting at the first hour of the morning. It would then find the total for all layers for that hour, add this to previous totals for an accumulative total, then proceed to repeat this for the next hour. This would be repeated until the computer received a signal in the data input that the last hour to be considered had been completed. At this point, the summaries would be printed along with information about the input data used, values assigned to variables and constants, and other information that identifies the problem for future reference.
The time required for computing the photosynthesis in a day, by hours, varies with the number of layers, the length of day, and other factors; but for typical problems, using the IB'M 7044, about six seconds was used per calculated day. The program used for this study provided for printing out information about the illumination calculated for all layers, if called for in the output specifications. This was given in two forms which corresponded to two ways of measuring illumination within the plant community. One form corresponded to the reading that might be made by exposing a horizontal unshaded light meter, corrected to receive light from all directions, at a number of locations at the same level and averaging the results. The second form corresponded to the readings of a horizontal light meter shaded from direct sunlight.
EXAMPLES OF COMPUTER SIMULATIONS OF HYPOTHETICAL AND REAL PROBLEMS
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An accurate description of both plants and climate over some growing period is necessary in order to simulate a real plant community. With this information, the computer can calculate rates of photosynthesis for any time interval desired. However, to form an opinion about the accuracy of these results, one must have some actual measurements of growth rates in the plant community for the same intervals. There must also be some assurance that photosynthesis is not restricted in any way, and that all assumptions are valid. Even with extensive measurements and a great deal of care in selecting and laying out the experimental work, considerable uncertainty usually exists about respiration losses and other unknowns.
In contrast, it is easy to set up hypothetical problems with simple and clearly defined plant and climate descriptions. If the assumptions are simple enough, the relative accuracy of the computations may be judged as reliable.
When the values of each of the variables are changed, the results should be in the expected direction and of the expected relative magnitude. Also, values for variables beyond anything attainable in nature should produce extreme results that are reasonable and consistent. If the model and computer program give reasonable answers under all these conditions, acceptable answers in more complex cases would seem probable.
In the problem sets that follow, the values or range of values of the nine variables are listed in tabular form with general comments about the procedure to be used. The first three hypothetical problems illustrate the versatility and the wide range of application of the model with nine plant and climate variables under control. For these and all problems that follow, 24-hour whole-plant respiration will be assumed to be 40 per cent of the total photosynthesis. All 10 layers are assumed to have the same LAI values and the same leaf angles, unless stated otherwise. Figure 1A shows the rates of photosynthesis per hour throughout a typical day for three different LAI values with all leaves at 0°leaf angle (horizontal). Figure  1B and 1C show the same LAI values with leaf angles of 40°and 80°, respectively. Figure 1C is noteworthy because higher photosynthetic rates are shown to be associated with high leaf angles, especially during the midday period when the sun is high in the sky and when enough leaf area is available to intercept the light. Also interesting in figure 1C is the midday depression in photosynthetic rates with inadequate leaf area. Probably with high leaf angles and low LAI, the proportion of the total light intercepted at high sun elevations is low enough to more than compensate for the high efficiency per unit of leaf area. Where LAI is high, the combination of high total light interception and a high utilization efficiency gives high rates of photosynthesis per unit of land area. Monteith (1965) made a similar explanation; when his penetration factor "s" is equated with leaf angle as used here, more horizontal leaves correspond to lower Us" values. The values seem reasonably close to some given by Wit (1965) .
It may be noted also that with the more horizontal leaves, photosynthetic rates per unit of land area actually decrease as LAI increases. Perhaps the respiration of lower leaves illuminated below their compensation points more than offset the slightly higher light interception associated with increased LAI. Or, as LAI increases, the canopy more nearly resembles a horizontal sheet, which would give less photosynthesis per unit of land area than an arrangement permitting more leaf area to be illuminated. This would be the case under some conditions, even if leaf respiration were zero.
The same factors are shown in a slightly different form in figure 2. It should be noted that at low LAI values, the more nearly horizontal leaves give the highest photosynthetic rates for the community. With LAI values above approximately 3.5, the higher leaf angles are more effective. This is similar to a figure by Monteith (1965) in which his term s approximates the effect of varying leaf angles. In comparing his figures with figure 2, there is some difference in the convexity of the curves, but this difference would be affected by the assumptions used for the illumination-photosynthesis curves of single leaves and for other factors. Fig. 1 (left, A, B, C higher radiation intensity of southern latitudes (fig. 3) (1) each layer at 450; (2) decreasing by 10°steps from 90°for the top layer to 0°for the bottom, and (3) increasing by 10°steps from 0°for the top layer to 90°for the bottom.
Variables
All other plant and climate variables are the same as in problem 1.
The purpose of this problem is to illustrate the application of the model to the problem of studying the "leaf architecture" of plant communities. Different values for the other variables held constant in this problem would affect the relationships.
In problem 3, it is interesting that the distribution of leaf area had no significance in total photosynthesis for the stand, as long as the leaf angles were the same at all layers (table 1) . Results were significantly different, however, when the leaf angles were changed. • LAI = 4.0, 10 layers, 38 0 North Latitude, July 1.
Problem 4-A Real Community
Suitable data on canopy structure for simulation of community photosynthesis are provided by experiments conducted at Davis, California. Details of these experiments will be published elsewhere. Briefly, seven population densities of maize, from half a low commercial rate to three times a high rate were compared in a well-replicated field experiment. Harvests were made at approximately two-week intervals from 30 days after planting to maturity. At each harvest, representative plants were selected from each replicate of each population, and leaf area, leaf angle and spatial distributions were determined. Also, a sample of plants was harvested, dried, and weighed so that dry-matter production could be determined directly. The weather was uniformly clear during the growing period, and water and nutrients were not limiting to growth. The data on canopy structure and light environments were sufficient to permit simulation with the model for comparison with measured rates of dry-matter production. Figure  4 shows these comparisons for three of the population densities. Correlation analysis of data for all observed and computed points in the three figures yielded a highly significant r value of 0.94(13 d.f.). Recognized errors in the assumptions would explain a part of the differences found. The assumption that respiratory losses for the whole community during a 24-hour period equal to 40 per cent of net photosynthesis is close to values used by others (Monteith, 1965; Moss et al., 1961; Loomis and Williams, 1963) . However, this estimate is only approximate, and there is little reason to assume a simple, direct proportionality between photosynthesis and respiration. No experimental data were found to indicate better values. Also, light interception by tassels which should have influenced light conditions after the fourth harvest (August 5) was not measured. Shading by tassels should have reduced photosynthesis for all rates of planting, and the reduction should have been greatest for the higher populations. Another possible cause for differences was the progressive damage to leaves by wind, insects, and disease, as well as a normal decline in photosynthesis due to senescence. This should have reduced observed values below calculated values based on healthy leaf area. No allowance was made for such effects. Despite these limitations, the computer simulations are remarkably similar to the actual data both in absolute values and qualitative behavior. This material is taken directly from Reeve (1960) . The wording has been modified to fit the present problem, with some of the mathematical details omitted in the interest of brevity.
To consider the problem we will assume, for reference only, that the sun is at some angle {3 above the horizon, and that it may move from east to west. If we consider a system of rectangular coordinates, OXYZ, in which OX is due east, OY is due south and OZ is vertically upward, the direction cosines of the sun's rays are proportional to (0, cos{3, sin,B) .
Let a small fiat leaf be at the angle a to the horizontal, with the axis of this angle at a direction 0 degrees south of east where 0 can have any value between 0°and 360°. The direction cosines of the normal to this leaf are proportional to (sin« sine, -sina cosO, eos«}; thus its shadow area is the positive numerical value of A (coso sin{3 -sin« cos{3 cosO) .
It follows therefore, that if the directional orientation of the leaves were random, the average shadow area of a large number of such leaves would be related to the actual area by the equation:
F ' =F [average value of I COSa sinfi -sino cos,B cosOI] as 0 varies from 0°to 360°.
Reeve divided the solution into two possible conditions: the first, when the leaf angle a is equal to or less than {3, the sun angle; the second, when a is greater than {3. In the first case he shows that:
This would be the condition when sun elevations and leaf angles were such that the rays of the sun could never illuminate the lower surface of the leaf.
In the second case, when the lower leaf surface could be illuminated at some positions, the equation would be:
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The area, A, also of arbitrary shape and size, is a surface which receives energy from S. The illumination, E, at a small elemental area, dA, is a measure of the power received per unit area.
The problem here is the calculation of the illumination at the point dA resulting from the entire source, S. The two small areas, dS and dA, are separated by a distance, r. The normals to the surfaces are inclined to r at the angles v and cp. The quantity called flux, dF, is a measure of the power flowing away from dS and contained within a cone of solid angle, dO. Specifically,
(1)
Because we are concerned with the flux incident on dA, we take the base of the solid angle equal to dA. Hence,
The illumination at dA, resulting from the source dS, is defined as
Substituting equations (1) and (2) into equation (3), and indicating the integration, we have
where E is the total illumination at dA due to the entire source, S?
The specific equation
The basic equation (4) is used to evaluate the illumination at the area dA resulting from skylight. The following assumptions simplify the equation. 
A special case: horizontal area
The illumination for any arbitrary orientation of the area, dA, can be expressed conveniently relative to its value on a horizontal area. Therefore, we first use equation (6) to calculate the illumination for a = O. In this case, since the normal to the surface is directed toward the zenith, 8 =1J, and equation (6) The final result is Eo =7rB, the subscript on E indicating that a =O.
The general case: inclined area
In the main body of this paper, Bouguer's law is stated in terms of a quantity, 1 0 , which is equal to the illumination E. 1 0 is defined as
where e is the reduced illumination. Equation (6) now becomes e=~ffcoSC/ J sinll dlldp.
When the area dA is inclined at an angle a =F 0, both the top and the bottom of the area are illuminated. The total illumination on the top of dA is the sum of two parts, el and e2. The first part, el, is due to the sky for zenith angles o~Il~(~-a ). For this part, as1 can vary in azimuthal angle from 0 to 2~. Using the relation between the sides of a spherical triangle, in this case the triangle 8, a, ¢, COS</>l =COSa co~-sina sin8 cOSp. Substituting equation (8) into (7), and assigning integration limits on p,
The great circle at p =0 and p =7r is a circle of symmetry. Hence, the factor of 2 and the integration limits 0 and 7r appear as given. Integrating with respect to p,
In computing numerical results, it is convenient to divide the sky into circular zones between 8m i n =~i and 8max =8 a • These are the limits used in evaluating equation (10). The result is 7rel = 7r COSa (sin 2 Oa -sin 2 0i) = 7r COSa sine Oa + 0i) sine Oa -0i).
(11) HILGARDIA • Vol. 38, No.4· March, 1967 201 The second part of the illumination on the top of the area, e2, is due to the region (~-a ) ; ;;; 0 ;;;; i .Reference to figure B-2 The integration with respect toS is evaluated by considering the three integrals in equation (12) .
The first term in equation (12) is just equation (10) and has already been evaluated. The second term involves the integral II = f po sino coso do = f sino coso cos-1(cota coM) do. 
The integral in equation (13) may be evaluated by making a change in variable,
• -1 (coso)
The third term of equation (12) involves the integral (14) Both the inverse sines and inverse cosines are evaluated as angles in the first quadrant.
Illumination resulting from the entire hemisphere
Equations ( (17) HILGARDIA • Vol. 38, No. 4: • March, 1967 203 The total illumination on the top of the area is elT + e 2T =(1 + eos«) /2, which equals 1 for a =0, in agreement with the definition of e. As the area dA is tipped at various angles, a, all the flux incident on dA must be independent of a, and equal to the flux incident on the area for a =O. Since the total flux is the sum of the flux incident on the top a.nd on the bottom, and since illumination is proportional to flux,
Using the values given in equations (17), the righthand side of equation (18) is unity, which is also the value of eo.
The case of variable brightness
The assumption was made that B =constant. Hence equations (11), (15), and (16) apply to constant brightness. However, they will also apply to the case of B =F constant, provided B depends only on 8. If B is independent of azimuth, but depends on 8, then the above equations hold for a zone for which B =constant. If B varies rapidly with 8, then the hemisphere may have to be divided into many small zones. In all cases, however, e is the ratio of the illumination resulting from a zone whose average brightness, B, can be considered constant over that zone, to the illumination on a horizontal area due to the entire hemisphere of this particular average brightness, B. Hence, for any known numerical value of jj for a given zone, the illumination resulting from that zone (hence the illumination resulting from all zones) can be calculated. Without too much trouble, equations can be derived for the case in which B depends on p as well as on 8. Assume a small enough region, for which B can be assumed constant, bounded by two meridians, Pi and pa, and two circles of 8i and 8a. The integration limits are then Pi and pa, and the integrals over 8 will be no more difficult to evaluate than those given. Only the substitution of the limit powill lead to the involved equations discussed above; other limits, which are numbers independent of 8, lead to easily integrable expressions.
Summary of Appendix B
Explicit equations are derived for the reduced illumination on the upper and lower sides of an inclined area at the center of a hemisphere. If the brightness of the hemisphere is known, the actual illumination can be calculated, provided the brightness is independent of azimuth. The procedure is outlined for dealing with the most general case in which brightness depends on azimuth as well as on zenith angle. This procedure is an obvious extension of the basic method developed. (11), (15), and (16). The meaning of e is given by the equation immediately preceding equation (7). e is the ratio of the illumination, due to any portion of real sky whose brightness may be considered constant, on a surface at any inclination, to the illumination on a horizontal surface due to an entire hemisphere. The hemisphere is assumed to have the same brightness as that portion of the real sky considered. In table B-1, the sky portions are zones of equal area whose midlines are given as altitudes measured from the horizon. 
